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Introduction
Goodness-of-fit tests play an important role in statistical applications, especially in the case of testing univariate normality, see e.g. D'Agostinho and Stephens (1986) . Normality may be the most common assumption in applying statistical procedures as in the classical linear regression model where the (unobserved) disturbance vector ε is assumed to be normally distributed. It is well known that departures from normality may lead to substantially incorrect statements in the analysis of economic models. Thus, a test on normality based on the (observable) regression residuals is an absolute "must" in any regression analysis. Here, we restrict our attention to the vectorε of OLS residuals which is given byε = (I − H) ε with H = X(X X) −1 X , i.e. the vector of residualsε is a linear transformation of the unobserved disturbance vector ε. Therefore, tests of distributional assumptions on ε are based onε. One of the most famous tests for normality of regression residuals is the test of Bera (1980, 1987) , which has gained great acceptance among econometricians. The test statistic JB is a function of the measures of skewness S and kurtosis K computed from the sample. Under normality, the theoretical values of S and K are 0 and 3, respectively. The purpose of this paper is to compare the Jarque-Bera test with other goodness-of-fit tests like the ShapiroWilk test, the Kuiper test as well as with tests of Kolmogorov-Smirnov and Cramér-von Mises type in varying sample situations. As pointed out by several authors, see e.g. Jarque and Bera (1987) and Urzúa (1996) , the Jarque-Bera test behaves well in comparison with some other tests for normality discussed in the literature if the alternatives to the normal distribution belong to the Pearson family. For our power study we assume the model of contaminated normal distributions (CN) for the components ε i of disturbance vector ε, i.e. ε i ∼ F = (1 − p) N(µ 1 , σ 2 1 ) + p N(µ 2 , σ 2 2 ), i = 1, . . . , n, 0 ≤ p ≤ 1. This model covers a broad range of distributions, symmetric and asymmetric ones, and can also be used to describe "small departures" from normality. The contaminated normal distribution function F can be interpreted as follows: With probability (1 − p), an observation comes from a normal distribution with mean µ 1 and variance σ 2 1 and with probability p from a normal distribution with mean µ 2 and variance σ 2 2 . Notice, that F is not the cdf of a normal distribution. In section 2 we describe the two models and the hypotheses and give two data examples, one concerning the first model (random sample) and one the second model (linear regression). Section 3 presents all the tests mentioned above and section 4 deals with a power comparison of the tests including a study on the critical values of the Jarque-Bera test and the tests of Kolmogorov-Smirnov and Cramér-von Mises type. The power comparison is carried out via MonteCarlo simulation. As a result, the Jarque-Bera test is, on the whole, the best one among all tests considered but for special sample situations he doesn't work very well and other tests should be preferred. Section 5 gives a resumé of the results and some hints for further studies.
Model, Hypotheses and Data Examples
We consider two models, a random sample and the classical linear regression.
Model I (random sample):
Let be X 1 , . . . , X n independent random variables with absolutely continuous distributions function F . We wish to test
vs. the two sided alternative H 1 :
where Φ is the cdf of the standard normal distribution and µ (−∞ < µ < ∞) as well as σ (σ > 0) may be known or unknown. In the case of known µ and σ we assume with any loss of generality µ = 0 and σ = 1. In the case of unknown µ and σ the parameters are estimated by the sample mean x and sample standard deviation s, respectively.
Model II (classical linear regression):
Let be y = Xβ + ε, where y is a (n, 1)-vector, X is a nonstochastic (n, k)-matrix of rank k, β is the (k, 1)-vector of unknown parameters and ε is the disturbance (n, 1)-vector whose components are assumed to be uncorrelated and distributed with expectation zero and constant variance σ 2 . Since the vector ε is unobservable, a test for normality generally is based on sample residuals such as OLS residualsε i which are given byε = (I − H)ε with the so-called hat matrix H = X(X X) −1 X . Note, that the componentŝ ε i ofε are not uncorrelated and do not have equal variances in general. Now, let us present two real data examples to which the selected tests are applied later on, example 1 for model I and example 2 for model II.
Example 1:
The first example refers to returns of the share index DAX. The DAX measures the performance of the Prime Standards 30 largest German companies. The data set contains 200 daily DAX returns (in percent) from June 18, 2002 , until March 31, 2003 .
Example 2:
The dependency of corporate revenues on ad spending of leading U.S. advertisers is subject of the second example. The following data set shows the total U.S. ad spending and U.S. corporate revenue (in million dollars for 2001) of 50 large companies e.g. General Motors, Ford, Daimler-Chrysler, AT&T, IBM, Hewlett-Packard, Sony, Walt Disney, Coca-Cola, PepsiCo and Unilever. 3 Goodness-of-fit tests
Jarque-Bera-test and its modification
The test statistic JB of Jarque-Bera is defined by
where the sample skewness S =μ 3 /μ 3/2 2 is an estimator of β 1 = µ 3 /µ 3/2 2 and the sample kurtosis K =μ 4 /μ 2 2 an estimator of β 2 = µ 4 /µ 2 2 , µ 2 and µ 3 are the theoretical second and third central moments, respectively, with its estimateŝ
JB is asymptotically chi-squared distributed with two degrees of freedom because JB is just the sum of squares of two asymptotically independent standardized normals, see Bowman and Shenton (1975) . That means: H 0 has to be rejected at level α if JB ≥ χ 2 1−α, 2 .
In the more usual case of linear regression JB is calculated for the regression residuals. Urzúa (1996) introduced a modification of the Jarque-Bera test -we call it JBU -by standardizing the skewness S and kurtosis K in the formula of JB appropriately in the following way:
Notice, that JB and JBU are asymptotically equivalent, i.e. H 0 has to be rejected at level α if JBU ≥ χ 2 1−α, 2 .
Shapiro-Wilk test
The Shapiro-Wilk test is motivated by a probability plot in which we consider the regression of the ordered observations on the expected values of the order statistics from the hypothesized distribution. The test statistic is defined by 
The vector a of the weights a i yields as follows:
H 0 has to be rejected, if SW ≤ w α .
For the components of the vector a we have a i = −a n−i+1 , they are tabulated by Shapiro and Wilk (1965) for n ≤ 50, where critical values w α of SW are given, too, see also Shapiro et al. (1968) and Shapiro and Francia (1972) .
Tests of Kolmogorov-Smirnov type
Now, let us consider nonparametric goodness-of-fit tests which are based on the empirical distribution function.
(1) Kolmogorov-Smirnov test KS As above, let be X (1) , . . . , X (n) the order statistics of X 1 , . . . , X n and let F n be the usual empirical distribution functions for the X-sample. Then the Kolmogorov-Smirnov statistic KS is defined by
In our case of testing normality we have
The corresponding test rejects H 0 if KS ≥ k 1−α . Exact critical values k 1−α are reported by Büning and Trenkler (1994) , where the asymptotic null distribution of KS is given, too.
(2) Modified KS-test The test statistic KS can be modified by introducing appropriate nonnegative weight functions W (F 0 (x)) in order to give different weights to the difference |F n (x) − F 0 (x)|, see Büning (2001) . As a special case we choose W (F 0 (x)) = F 0 (x)(1 − F 0 (x))/n which is symmetric about the center F 0 (x) = 0.5. This weight function was introduced by Anderson and Darling (1952) . Then we can define a modification of KS by
Obviously, the denominator F 0 (x)(1 − F 0 (x)) place high weight on the upper and lower part of the underlying distribution. The corresponding test rejects
are reported in table 2, page 9.
. Then the statistic of Kuiper (1960) is defined by
It should be noted that the Kolmogorov-Smirnov statistic KS can be written as KS = max(D
1−α are given in table 2.
Tests of Cramér-von Mises type (1) Cramér-von Mises test
The Cramér-von Mises statistic CM is defined as follows:
which can be written as
The test rejects H 0 if CM ≥ c 1−α . Approximate critical values c 1−α can be found in Anderson and Darling (1952) .
(2) Modified CM-test In the same manner as for the KS-test we can modify the CM-test by introducing an appropriate weight function. Here, we choose the weight function
For computational simplification CMW can be written as Critical values of the KSW-test can also be found e.g. in Canner (1975) .
For a comprehensive study of tests based on the empirical distribution function, see Stephens (1974) . Table 2 Critical values of tests for various sample sizes n, α = 0.05
Tests n = 10 n = 20 n = 50 n = 100 n = 200 n = 500 JB 2. 
Applications
Now, let us test the hypothesis of normality for the data in example 1 and example 2 by applying all the tests above. We get the following results: Critical values of Jarque-Bera test (random sample) α n = 10 n = 20 n = 50 n = 100 n = 200 n = 500 n → ∞ 0. From table 5 we can state the JB-test based on asymptotical critical values is conservative for α ≥ 0.05, and that considerably for small sample sizes; for α < 0.05, the pattern is not so clear. As an example: For α = 0.01, the approximation by the Chi-square distribution is better for n = 20 than for n = 200, of course, a surprising result. In general, the approximation by the Chi-squared distribution does not work well even not for large sample sizes, the speed of convergence is very slow. Thus, approximate critical values χ 2 1−α for the JB-test should be used cautiously in empirical studies and for a meaningful power comparison exact critical values have to be used. Figure 3 presents the graphs of the exact and asymptotic distribution of the JB-statistic. Obviously, the approximation becomes more precise with increasing sample sizes.
Fig. 3. Simulated and asympototic distribution of the JB-test in comparison
Now, let us consider model II. Table 6 lists critical values of JB with three independent regression variables from a standard normal distribution. We restrict our presentation to this case because our simulation has shown that the pattern of critical values is nearly the same for one, three and six variables as well as for other distributions mentioned above. Table 6 Critical values of JB-test (residuals)
Critical values of Jarque-Bera test (residuals of a regression with three independent variables) α n = 10 n = 20 n = 50 n = 100 n = 200 n = 500 0.01 4. From table 5 and 6 we see that for all levels the differences between the critical values in model I and II are negligible for n ≥ 50, the pattern in model II is nearly the same as in model I.
Exact critical values of KS and CM for original and standardized data
We study critical values of the KS-test and CM-test for the original data and for the standardized observations where the unknown parameters µ and σ of the normal distribution function are estimated by the arithmetic mean x and the empirical standard deviation s x , i.e. z i = (x i − x)/s x . We again consider sample sizes n = 10, 20, 50, 100, 200 and 500, but here only the usual levels α = 0.01, 0.05 and 0.10. Figure 4 illustrates the great difference between the distributions of KS, CM (original data) and KSS, CMS (standardized data). 
Power comparison
We investigate via Monte Carlo simulation (10 000 replications) the power of all the tests presented in section 3. To conduct the simulation study we select the model of contaminated normal CN for H 1 , the distribution function F of which can be given in the following form, see section 1:
2 ) with 0 ≤ p ≤ 1. Without any loss of generality we assume µ 1 = 0 and σ 2 1 = 1. Furthermore, we choose µ 2 = 0, 1, 2, 3, 4, σ 2 = 1, 2, 3, 4, 6 and p = 0. 01, 0.05, 0.20, 0.35, 0.50, 0.65, 0.80, 0.90, 0.95, 0.99 . The choice of such parameters guarantees a broad range of distributions, unimodal and bimodal ones, symmetric distributions with short up to very long tails and asymmetric ones with different strength of skewness. For all the tests we use exact critical values. In the simulation the tests of Kolmogorov-Smirnov and Cramér-von Mises type are carried out on a basis of standardized observations. At first, comparing the JB-test and JBU-test we can state that the difference in power of the tests is very small, in 93% of the cases the difference is less than 1%, the JB-test seems to be a little bit more efficient than JBU. The power of JBU is never higher than 2% in comparison to JB, but in some cases lower than 10%. Because of the small power differences between JB and JBU we omit JBU from the following power presentations.
Figures 5 to 12 display the power of the seven tests JB, KS, KSW, KUI, CM, CMW and SW from section 3 by selecting different values of µ 2 , σ 2 and p. Different sample sizes are chosen in order to produce graphs for a visible power comparison. In the bottom of the figures the corresponding density functions of CN are plotted in comparison to the standard normal density. At first, we consider the case of random sample with original data and then the case of regression variables.
The values of the corresponding parameters of skewness β 1 and kurtosis β 2 are given in the following tables 8 and 9. Table 8 Skewness and kurtosis for various CN distributions, part 1 Skewness S and kurtosis K Fig. µ 2 p σ 2 = 1 σ 2 = 2 σ 2 = 3 σ 2 = 4 σ 2 = 6 5 0 0.10
β 2 = 4.44 β 2 = 8.33 β 2 = 12.72 β 2 = 19.33 6 0 0.50
β 2 = 4.08 β 2 = 4.92 β 2 = 5.34 β 2 = 5.68 7 0 0.80
β 2 = 3.37 β 2 = 3.56 β 2 = 3.64 β 2 = 3.7 8 3 0.50 β 1 = 0 β 1 = 0.65 β 1 = 0.92 β 1 = 0.96 β 1 = 0.83 β 2 = 2.04 β 2 = 2.85 β 2 = 3.72 β 2 = 4.37 β 2 = 5.11
Figures 5 to 8 are concerned with power curves as functions of σ 2 for different values of p and µ 2 = 0 (symmetric case) and µ 2 = 3 (asymmetric case for σ 2 = 1 ). Of course, with increasing values of σ 2 the kurtosis β 2 increases, for p = 0.1 much more than for p = 0.5 and 0.8. In the symmetric cases ( Figures  5 to 7) , we see that for small values of p the JB-test is the best one, the power of JB, however, decreases with increasing p where β 2 increases slower. For great values of p the Kuiper test and CMW-test are superior, the ShapiroWilk test is, in general, not a powerful test in comparison to the others. In the asymmetric case with p = 0.5, µ 2 = 3 and σ 2 = 1 (Figure 8 ), where the skewness β 1 is smaller than 1, JB and KSW have lowest power, both tests are even biased for the symmetric case, where the kurtosis is equal to 2.04, smaller than that of the standard normal distribution (β 2 = 3). Figures 9 and 10 present power curves as functions of µ 2 , again, the kurtosis is much greater for p = 0.05 than for p = 0.5. In Figure 11 the power is plotted as a function of p with decreasing kurtosis. Table 9 Skewness and kurtosis for various CN distributions, part 2 Skewness S and kurtosis K Fig. σ 2 p µ 2 = 0 µ 2 = 1 µ 2 = 2 µ 2 = 3 µ 2 = 4 9 4 0.05 β 1 = 0 β 1 = 0.9 β 1 = 1.71 β 1 = 2.35 β 1 = 2.84 β 2 = 13.47 β 2 = 14.12 β 2 = 15.75 β 2 = 17.65 β 2 = 19.24 10 1 0.50
β 2 = 5.34 β 2 = 3.64 β 2 = 3.14 Figure 9 shows that the JB-test is the the best one for small p = 0.05 even in the asymmetric case but the power loss is dramatic for p = 0.5 (Figure 10 ), a distribution which is symmetric and bimodal with small values of β 2 (JB is biased). Here, the SW-and CMW-tests are the winner. For fixed µ 2 = 0 and σ 2 = 4 ( Figure 11 ) the JB-test behaves very well for values of p smaller, say, 0.25, but with increasing values of p, the power of JB decreases rapidly, the same is true for the other tests. Further results on the power of tests on normality can be found in chapter 7 of Thode (2002) . At this point it should be noted that the kurtosis β 2 is not a suitable measure for tailweight, a discussion of this problem "what does β 2 really measure?" can be found in chapter 3.3 of Büning (1991) where measures of tailweight are given, e.g. the measure
where x p is the p-quantile of the distribution function F . Table 10 presents values of β 2 and T for symmetric contaminated normal distributions (CN) with µ 2 = 0 and σ 2 = 3 varying values of p (see figures 5 to 7). We see that with increasing proportion p of contamination the kurtosis β 2 decreases whereas the tailweight T is, at first, increasing and then decreasing. That means, CN has, e.g., longer tails for p = 0.2 than for p = 0.1, the kurtosis, however, is smaller for p = 0.2 than for p = 0.1. Now, let us study the power of the tests in the case of regression variables. As already mentioned above we considered the cases of one, three and six independent regression variables assuming different distribution functions such as uniform, normal and exponential. It might be a surprising result that the pattern of the power curves of the tests in each sample situation (various numbers of variables and various distribution functions) is always nearly the same. Thus, we restrict the illustration to the case of three standard normally distributed regression variables, the power curves are given in Figure 12 for the symmetric case with µ 2 = 0 and p = 0.5 and varying σ 2 . Obviously, the JB-test behaves well, but the CMW-, KUI-and the KS-tests are superior with increasing σ 2 .
For further studies of tests on normality in the linear regression model, see e.g. Huang and Bolch (1974) and White and MacDonald (1980) . We assumed independent regression variables. The question arises how robust are the tests above if the regression variables are correlated, an important problem for testing normality in regression analysis. A first study, assuming an autoregressive process of order one for the error terms with ρ = −0.5, shows that the influence on the critical values and therefore on the power of the tests is considerable. This is, however, another topic. 
Conclusions and Outlook
As an overall result of our power study we can state:
• The asymptotic JB-test is conservative for α = 0.05, 0.10, the approximation by the Chi-square distribution does not work well.
• There are no remarkable differences between the critical values of the tests in model I with random samples and in model II with regression variables for n ≥ 50.
• The modified version JBU of JB introduced by Urzúa (1996) means no improvement of power of the classical test.
• The nonparametric tests, KS and CM, as well as its modifications KSW and CMW, are very conservative in the case of estimating µ and σ if we use the critical values for the original data.
• The power values for each of the tests are nearly the same for random samples (model I) and for regression variables (model II).
• The JB-test behaves well (it is often even the best one) for symmetric distributions with medium up to long tails and for slightly skewed distributions with long tails.
• The power of the JB-test is poor for distributions with short tails, especially if the shape is bimodal, sometimes JB is even biased. In this case the modification of CM, CMW, or the Shapiro-Wilk test may be recommended.
Two further problems by testing normality in regression analysis are of theoretical and practical importance, the case of autocorrelated error terms as already mentioned above and the case of heteroscedastic error terms. The influence of autocorrelation on the critical values and the power of the tests seems to be strong as first studies show. Thus, generalized least square estimator (GLS) is more appropriate for the regression parameters instead of the ordinary least square (OLS). For the case of heteroscedasticity of the error terms similar studies have to be done, too. For studies of serial correlation and heteroscedasticity of regression residuals, see e.g. Jarque and Bera (1980) .
